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Theoretical Photoelastic Stresses in Three 
Dimensional Body with Elastic Contact 
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An understanding of the Hertz contact theory is important for investigating the failure 

strength and behavior of rolling and /o r  slipping mechanical-structural components. Two simple 

special cases including a circular contact and line contact patch have been solved in the closed 

form solution. However, there are many unsolved complicated cases where the contact areas 

become elliptical contact patches. In this paper, a simple stress field generated in contact bodies 

under general loading conditions is derived. The stress field derived in this paper is utilized to 

generate theoretical three dimensional photoelastic isochromatic fringe patterns. Some of the 

theoretical isochromatic fringe patterns are compared with published experimental results. The 

agreement between the theoretical and the experimental results are found to be good. 

Key Words : Contact Stress, Elliptical Integral, General Loading Conditions, Hertz Contact, 
Photoelasticity, Rolling and /o r  Slipping. 

1. I n t r o d u c t i o n  

The barge system usually consists of a vessel 

carrying a barge and a pusher which transmits the 

necessary power for the movement of the barge- 

carrying vessel. The contact of connecting parts 

between the vessel and the pusher plays an impor- 

tant role in transmitting the power. The contact is 

under very complicated loading condilions in- 

cluding rolling and sliding motions. It is neces- 

sary to investigate the eft~ct of these contact 

pressure on the strength, damage and fracture 

analyses of the barge system by extending the 

well-known Hertz contact theory (Love 1965, 

Timoshenko & Goodier  1970). 

An in-depth understanding of the Hertz theory 

describing the distribution of contact pressure in 

the body is important to investigate the strength 

and behavior of rolling and /o r  slipping compo- 

nents. The Hertz theory is generally applicable to 

the contact problem where two linear elastic 
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bodies are in contact with each other. This theory 

is limited to the case where curvatures of the point 

of contact are provided by parabolic surface and 

the dimensions of the contact patch must remain 

small compared with the radii of curvature of the 

bodies. 

There are two special cases in the Hertz con- 

tact. One is a circular contact patch (Hiiber 1904), 

and the other is a line contact (Poritsky 1950). 

There are, however, many cases where an ellip- 

tical contact patch occurs (Sackfield & Hills 

1983), such as in a ball rolling in a non-conform- 

ing groove, a railway wheel moving along a 

convex-headed rail, a cross-cylinder wear tester 

where the cylinders are of different diameters and 

the barge connecting system. 

In this paper, the elliptical contact patch is 

considered and the stress field around the contact 

patch for general loading condition is derived. 

We attempt to develop the general stress field in 

the simplest form for experimental applications 

without many implicit factors. Furthermore, the 

theoretically developed general stress field for the 

case of elliptical Hertz contact is used to generate 

two dimensional photoelastic isochromatic tu 

patterns. Some published experimental results 
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(Burguete & Patterson 1997) are compared with 

those generated in this paper. 

2. General Theory 

2.1 H e r t z  contac t  problem wi th  normal  load 

2.1.1 Genera l  theory  

All coordinate systems used in this study are 
normalized with respect to the contact dimension 

a0 in Fig. 1. 
The first task in solving the probllm is to find 

the principal axes lying in the plane of contact. 
The expression for the relative separation of 

points is 

1 ,, 1 2 
h(x ,  y ) = ~ - A x '  + T B y  

where A and B are the principal relative curva- 

tures. 
By analogy with the plane and axi-symmetric 

cases, we expect the pressure distribution to be in 

the form of an ellipsoid, 

Z 

Fig. 1 Elliptical contact patch with the normal 
pressure distribution over the contact area 
and an element with stress components. (x, 
y, z=coordinate systems, P0= maximum con- 
tact pressure, ao, bo=leng th of semi-axes of 
the contact patch). 

p(x ,  y)---- -- P0~/1 -- (xZ/a~)--  (yZ/b2o) 

over the contact ellipse 

( xZ / a~) + ( yZ / b~) <_ 1 

The solution for the stress, strain and displace- 
ment fields induced in a half-space by the contact 

pressure using the potential methods of Bous- 
sinesq and Cerutti, is fully described (Love 
1952). The method to produce a satisfactory 

solution for the general Hertzian contact problem 

is to start with a pressrue distribution and the 
surface displacements. In this case it is observed 
that ~b has all the properties associated with the 

Newtonian potential of a solid homogeneous 

ellipsoid. 
' 

d~ x J~ (a~+  O(b~+ ~) 

where ~ is the displacement and r is the largest 
x" y2 z2 

root of 1 . . . . . . . . . . . .  0. 
a o % - ~ - - N  + r r 

The three simple stress components for an 

element in the body (refer Fig. 1) are given by 

r:,~ _ a,3 k x z L  (1) 
p,, Po (1 T ~  
ry~ _ a2a . . . .  k x z L  
p0 - p o - - -  ~ k ~ 5  - (2) 

a~, _ a~.~._ _ .kz2 L (3) 
Po Po s 2 

where, Po is the maximum contact pressure, k =  

bo/ ao, s "~= r / a~ 

L =  z /  [ s3 H fC(1 + sZ)( k2 + s2) } ] and 
X 2 2 ~ 2 

The other three stress components are re- 

presented as 

exx = a,, = ( u . ~  ~,~ (1 --2V) xli 
P0 P0 \Tr /Pa  2;r P0 

~-~ \-~/~0--] (4) 

_a~__ a~ = ( _ ~  (1-2~) x~ 
Po P0 \~r /p3  27r Po 

1 /' ,zq522 '~ 

r~y_ a12__ (1.--2v) Xl~ 
Po Po 2a" Po 

(5) 

2 ~  Z--~p~-) ( 6 ) 
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where, u is the Poisson's ratio, 

\ l + s  "~ ] J' 

~7-o / -  /? # sW I' 

Po ]= (l+sZ)(k'~+J ") 

27ck[2Ii-  l~z~:,~ ~ ~j i . . . . .  yO1 + XOa + n -  
o L ~'I L S 

• { 
V \ ~ / J J  

_zz.e=po - - 2 : r k [ z I a - ~ { y O l  + x &  + n -  Z ns 

vt, , i k)}] 
Zl2 2zk  < . , ,  
Po ...... na t xu~ -- Yt~21 

and 

01=tan-~{ Y ( a - ] )  } + Yea 

, f X ( a - 1 )  I 
& = t a n h  ( 1  . - .X~-5 

. n  yn 
X =  1 = ~ ,  Y =  k 2 _ f f  

Xa y2 
p is the smallest rooot of  ~q---..;~-v.-~ --1. 

( k~ _ p'~) ~, l ] f l  . 

2 2 2 2 
(s +p )(k -IJO _ k  ~ a~= (k~_pZ)(s~+ k . ~ ,  n~= 1 

And, L' is the three type of  elliptic integral 
given by 

dw 
/ 1 = i s  ~ (1 + w2)'~/2(k'Z+ Wa) 1/2 

f dw 
L = (14- w") '~(k% w~) ~/~ 

I~-- 

i a = f  ~ dw 
~ (  i ~ wD.~(k~ + w~), ~ 

The other direct stresses may be simplified as 

the following 

r~ _ kxzL  
Po (l +sZ) (8) 

ax~ _-- _ 2k( l  + ~)z/a ayy azz (9) 
Po Po Po 

o-= k { -  2 vz/:~+ 2(1 - u ) z I 2 -  (1 - 2~.)I4) 

(10) 

a~ _ kz'~ L 
Po S 2 (11) 

where L is an elementary integral given by 

when q4:0, 

[ ~/ (x / q, ) 2 § r.~ sig~-iq~5- ix / qa[ , in = ( l __(]1k2) 3/2 

Ix/qll +~/(x/q,) "~ t,. rasign(q_!)_ ]r log,  
Y IJ l 

X 
when q=O, /4 = ( l - k 2 )  aj~ l~  

when, k < l ,  q 2 = l - k Z - . x " ,  r2= l + s 2  
kZ + s 2' 

$1 

2.1.2 A special  ease  

It was considered valuable to assess the stress 

field for a special case such as for a vertical plane 

of symmetry, y = 0  since we can compared the 

results with those of two dimensional photoelastic 

experimental isochromatic fringes. The results 

would be utilized to locate the high tensile stress 

region which should be flaw-free zone to prevent 

dangerous crack propagation. 

From symmetry y = 0 ,  it is clear that 

rxy= ryz=0 (7) 

Fig. 2 

~33 

Elliptical contact patch with the tangential 
pressure distribution over the contact area 
and an element with stress components. (1, 2, 
3--coordinate systems, q0=maximum con- 
tact pressure, a0, &=length of semi-axes of 
the contact patch). 
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a~ (elliptical) 

a~ (elliptical) 

, , 2  ~ ~ 

c~x,. (cylindrical) 

a~ (cylindrical) 

; , ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  } 

V~,z  (elliptical) 
L ...... . . . .  

r ~  (cylindrical) 

Fig. 3 

rmux (elliptical) V~x (cylindrical) 

lsostatic-.stress and max. tangential  stress contours  in el l iptical  and cyl indrical  contact  patches under the 
normal l oad ing  condi t ion  (P0), To keep the same geometric condit ion,  the lengths o f  semi -axes  are taken 

as a0 = 1 . 0 0 1 ,  and bo=l. 
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2.2 Hertz contact problem with tangential 
load 

2.2.1 General theory 
The stress components can be obtained as fol- 

lows using the same procedure for the normal 
loading condition. 

o'~, 2x 
kq,, -- n.~ {(n2+ u)I: - uk'ZA} 

- ( 1  - 2 v ) z •  3 l / a y  

+ x j'z~(s2_:+/d) ~_ 2~y~s/ (12) 
H(;3 [. s k'Z + s " J 

Ok" } 
.a.~.~ = 2 ~ x [  n 2 ( A  A) .......... y'~s 
kqo HG~(k 2 + s 2) 

+(1 - 2 u ) z c 3 J / $ y  (13) 

o'zz xz z (14) 
/eqo - ~ n ) r i ~  

o':z __ ny_:{2 u(A -k212) - n212} 
kqo 

......... 2_.._~X2 y s  
-. f lG3(s2+l )  ~ - ( { - 2 u ) z S J / @  (15) 

o',3 _ x2z + z ( L  - A )  (16) 
kqo HGs (s "z + 1 )2 

o'z:~ x y z (17) 
kqo sHG 3 

where, G -- I ( s'~ + l )( s2 + k2) } lj2 

 V=y • arctanhI  . . . . . .  

( 1 - X a J  x 

• arctanh{ ]~_ ~-2~Y(a- 1) } 

All the unknown parameters in the above equa- 

(a) Theoretical (b) Experimental (Lee 1991) 

Fig. 4 Theoretical and experimental isochromatic fringes in two dimensional approach. 

Fig. 5 

(a) a0=2, b0=l (b) a0=3, b0=l 

Theoretical isochromatic fringes for various elliptical contact areas at the normal loading condition. 
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crn (elliptical) O'n (cylindrical) 

o',~ (ell iptical) ~:~ (cylindrical) 

$ 

' Z ; :  : 

aj.~ (elliptical) ~ ~ ~ z 
o't~ (cylindrical) 

F ig .  6 

4 
i 

Vm~ (elliptical) rm~x (cylindrical) 

l s o s t a t i c - s t r e s s  c o n t o u r s  in an e l l ipt ica l  con tac t  and  a cy l in d r i ca l  contac t  pa tches  under  n o r m a l  l o a d i n g  

c o n d i t i o n  ( q o =  1).  
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tions in ihis section are the same as those for the 

normal  load condit ion.  

2.2.2 A s p e c i a l  e a s e  

Since we are interested in generating the theo- 

retical isochromatic fringes under tangential  load- 

ing condit ion,  the stress field for a special case of 

the vertical plane of symmetry, y = 0  is consid- 

ered, 

Only three stress components  are needed to 

evaluate the maxirnum shear stress in the vertical 

plane of" symmetry. The maximum shear stresses 

are used to generate isochromatic fringes. Three 

stress components  (of,, o'33, o'~3) obtained by sub- 

. ; . , z ~ : . .  I 

stituting y = O  into the general stress equat ions are 

o i 1  _ 2X 
kqo n 2 { (he+  ~) Ilvk2Iz} 

+ x L z ~ ( s ~ k  '~) ~_2~y ~s 
H G  [ s 2 k 2 .~. :~-~ 

]eGo H G , c ( , . e + I ) 2  q - z ( I i - A )  

G33 XZ "e 

kq,, --  S 3 (S 2 + 1 ) H G  

(18) 

(19) 

(20) 

Fig.  7 

. . . . . . . . . . . . . . . . . . . . . . . .  0 i  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  : 

(a) a~,=2, b0--I (b) a0=3, b,,=l 

Theoretical isochromatic fringes for various elliptical contact areas under tangential loading condiion 
(q0= 1). 

I . . . . . . . . .  ~ N ~ : ' :  ........ I 

Fig .  8 

I ~ :[/:;ii! :!~:}.)!!::i:.5 ~ 
. . . . .  .......... I 

(a) (elliptical) (b) (cylindrical) 

Theoretical isochromatic fringes for an elliptical contact patch and a cylindrical contact patch under 
various mixed loading condition. (friction factor=0.3 P0-- 1, q0= 1.001, bo- I). 
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3. Theoretical  Stress Field and Com- 

parison with Those of  Two Dimen- 

sional Photoelast ic  Experiment 

Maximum shear stress (r,n) and photoelastic 

isochromatic fringe relates as 

Nfo (21) 
rm= 2t 

where, f~ : photoelastic material property, 

t : material thickness, 

N : number of isochromatic fringe 

order. 

3.1 Theoretical photoelastic stress analysis 
for normal load 

Using the Mohr's circle theory, maximum shear 

stresses on xz plane can be determined as Eq. 

(22) by using the stress components in section 2. 

1.2, 

O" z 

Figure 3 shows the theoretically generated isos- 

tatic-stress contours and isochromatic fringe pat- 

terns for two different contact systems. It is noted 

that the elliptical contact is three dimensional 

contact, while cylindrical contact is two dimen- 

sional contact, in the elliptical contact, the length 

of semi-axes is taken as a 0 -  1.001, b0 =1.  If the 

i 

(a) :00=1, qo=l 

H I 

(b) P0=-l, qo .2 

I . i : ~ : : , , : : :  �84 ....... I 

Fig. 9 

(c) p0=l, q0=3 (d) p0=2, @:-1 

Theoretical isochromatic fringes for various elliptical contact patch and a cylindrical contact patch 
under various mixed loading condition ~b. (a0=l.001, b0=l ) .  
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lengths of semi-axes are the same(e.g, a 0 = l  and 

b0 = 1) the solution would be meaningless since it 

is impossible to evaluate the elliptical integral. In 

the normal stress fringe patterns, the bright area 

reveals the tensile stress region, while the dark 

area is the compressive stress region. 

It is found that fringe patterns under two differ- 

ent contact conditions such as elliptical and cylin- 

drical look similar under the vertical loading 

condition, ttowever, the stress level of the ellipti- 

cal contact is found to be larger than that of the 

cylindrical contact at the same local area. It is, 

thus, found that the cylindrical simulation for the 

three dimensional contact problem may cause 

some errors in the estimation of real stress distri- 
bution. 

The theoretical and experimental fringes in two 

dimensional are shown in Fig. 4. The agreements 

between two isochromatic fringes are good. 

Fig, 5 shows the variation of  theoretical iso- 

chromatic fringe patterns according to the 

changes of  the elliptical contact areas under the 

normal loading conditions. The higher the ellipti- 

cal axis ratios are, the flatter are the shape of  the 

isochromatic fringe loops. 

3.2 Theoretical photoelastic stress analysis 
for tangential load 

Using the Mohr's circle theory, maximum shear 

stresses on 1--3 plane are given as Eq. (23) by 

using the stress components in section 2.2.2, 

(a) po=l, qo=l 

II ...... ~ , : , ,  I 

1 : ~ , ~ :  .... | 

(b) p0=l, qc~ .2 

Fig. 10 
(c)  P o =  l, q o = 3  (d )  p o = 2 ,  q0 = 1 

Theoretical isochromatic fringes for various elliptical contact areas under various loading condition, 
(a0-- 1, bo= I), 
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-4 -Z O t 4 

(a) Po= 1, qo-~ 1 

Xv::,: - ' � 8 4  : : :  : x .}  .i: �84 . : :  

(b) Experimental 

(c) p~,=1.66, q0 = 1 (d) Experimental 

Fig. 11 Experimental and theoretical isochromatic fringe patterns under various loading. (Lee 1991). 

rm = ~/( Ulx-- ff88) 2 + ty~s 2 (23) 

The stresses and maximum tangential stresses 

obtained by the theoretical approach are shown 
in Figs. 6, and 7, respectively. In the elliptical 

contact, the lengths of semi-axes are taken as 

a0=l.001 and b0=l as for the normal loading 
case. In Fig. 6, the stress level of the elliptical 

contact is found to be larger than that of the 

cylindrical contact at the same local area. 
The theoretical isochromatic ~u are formed 

as shown in Fig. 7 when the elliptical contact 

areas under the tangential loading condition is 
changed. The higher the ratios of the elliptical 
axis are, the sharper becomes the shape of the 

isochromatic fringes. The effect of the ratios of 

elliptical axis on the fracture behavior may be 
investigated by using the presently developed 

stress field equations. 

3.3 T h e o r e t i c a l  photoe las t i e  s t re s s  analys i s  

for mixed  load 
The maximum shear stress on xz plane under 

mixed loading conditions is derived as Eq. (24) 
by superimposing the stress components in sec- 

tion 2.1.2 and in section 2.2.2, 

~_( ~xx + 611) - ( o ~ +  ~,~) )5+ (rxz+ oh3) 2 r~= ~ - 

(24) 

The typical theoretical isochromatic fringe 

loops for the elliptical and cylindrical contacts 
under the mixed load condition with a friction 
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factor of 0. 3 are shown in Fig. 8. It is found that 

two fringe patterns with different contacts look 
similar under the same loading condition. The 
stress level of the elliptical contact is greater than 
that of the cylindrical contact with the same 
geometric area. 

The theoretical isochromatic fringes corre- 

sponding to various elliptical contact pressure at 
the mixed loading condition are generated as 

shown in Fig. 9. The effect of tangential loading 

pressure on the theoretically generated iso- 
chromatic fringe loops is clearly seen in Fig. 9. 

When the normal loading pressure increases, the 
generated isochromatic fringe loops become 
closer to one obtained under the pure normal 
loading condition. 

The isochromatic loops shown in Fig. 10 are 

generated with the elliptical contact area of  a0 

=2,  b0= 1 with a loading condition which is the 
same as in Fig. 9. The high maximum shear stress 
zone becomes wider than that of Fig. 9. 

A comparison between theoretical iso- 

chromatics and two dimensional photoelastic 
experiments is made as shown in Fig. 11. The 

experimental isochromatic fringe loops obtained 
under punch presses with 44 degree angle from 

the vertical axis and with 31 degree angle from the 
vertical axis are shown in Fig. 11 (b), and Fig. ii 

(d), respectively. The agreement between the two 
cases is good. 

4. Conclusion 

In this paper, the three dimensional contact 
stress fields for various contact patches areas 

based on the Hertz contact theory are formulated. 

The theoretical stress fields are compared with the 
published experimental stress fields. The results 
obtained from this study are as follows: 

1) Three dimensional contact stress fields are 
derived, and the stresses on the middle contact 

plane is determined to generate the theoretical 
photoelastic isochromatic fringes. 

2) Theoretical isochromatic fringe loops are 

generated under different loading conditions by 
using the three dimensional contact stress fields. 
Also the effect of the contact stress distribution is 

monitored with respect to changed elliptical area 
in the body. 

3) It is found that isochromatic fringe loops 

generated by using the three dimensional stress 
analysis differ slightly from those obtained by the 

two dimensional photoelastic experimental stress 
analysis. 
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